Introduction {#Sec1}
============

The establishment of a unified and comprehensive theory of fractal growth constitutes a great challenge given the great diversity and complexity of the out-of-equilibrium processes that give origin to fractal morphologies in nature^[@CR1]--[@CR4]^. In this endeavour, simple models have appeared to unify diverse phenomena that once seemed to be completely unrelated. This is the case of Laplacian growth, with its emblematic diffusion-limitied aggregation (DLA) model and the more general dielectric breakdown model (DBM), which constitute a paradigm of out-of-equilibrium growth^[@CR5]^. These models have received significant attention in diverse scientific and technological fields, from the oil industry, through bacterial growth, to cosmology^[@CR5]--[@CR7]^, even with relevant applications in current neuroscience and cancer research^[@CR8]--[@CR10]^. However, despite their relevance, a data-consistent analytical description of the fractal dimensions that characterize the DBM and DLA models has been missing^[@CR5]^.

To have a practical understanding of the problem let us recall that the mass-distribution of a given structure can be described in terms of a simple scaling law, $\documentclass[12pt]{minimal}
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                \begin{document}$$M\propto {r}^{D}$$\end{document}$, where *r* is a characteristic length, and *D* is its dimension. For example, a sphere growing uniformly in a *d*-dimensional Euclidean space has a dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$D=d$$\end{document}$, however, in the case of fractals, one finds that $\documentclass[12pt]{minimal}
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                \begin{document}$$D < d$$\end{document}$^[@CR3],[@CR4]^. This is the case of structures generated by the DLA model, where particles following random-walks aggregate one-by-one to a seed-particle forming a fractal cluster^[@CR5]^ (see Fig. [1a](#Fig1){ref-type="fig"}). This process has been the subject of extensive numerical^[@CR11]--[@CR15]^ and theoretical^[@CR16]--[@CR23]^ research, not only for the well-known two-dimensional case, but for higher dimensions as well. In higher dimensions, the numerical^[@CR24]--[@CR26]^ and theoretical^[@CR27]--[@CR34]^ results for the fractal dimensions of DLA are not in best agreement (see Fig. [1b](#Fig1){ref-type="fig"} and Table [1](#Tab1){ref-type="table"}). In addition, the self-similarity of the mass-distribution of the DLA cluster is still a matter of debate. Although there are diverse works that have rigorously proven the consistency of the two-dimensional DLA within a self-similar picture, with a fractal dimension very close to $\documentclass[12pt]{minimal}
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                \begin{document}$$D=1.71$$\end{document}$^[@CR11],[@CR13],[@CR15],[@CR20]^, there are other results based on multifractal analysis where this is not conclusive. In these studies, the DLA cluster is found to be a weak mass-multifractal, that in terms of the generalized dimension, *D*~*q*~ and momenta *q*, goes from $\documentclass[12pt]{minimal}
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                \begin{document}$${D}_{q\to \infty }\approx 1.65$$\end{document}$^[@CR35],[@CR36]^; while in others, it is a monofractal with $\documentclass[12pt]{minimal}
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                \begin{document}$${D}_{q}\approx 1.7$$\end{document}$ for all *q*^[@CR37]--[@CR40]^. Nevertheless, among the most important theoretical results for DLA one has that: first, its fractal dimensions are an exclusive function of the embedding Euclidean space, $\documentclass[12pt]{minimal}
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                \begin{document}$$D=D(d)$$\end{document}$^[@CR34]^; secondly, they must satisfy Kesten's inequality^[@CR17]^ $\documentclass[12pt]{minimal}
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                \begin{document}$$D\ge d-1$$\end{document}$, where the equality holds at $\documentclass[12pt]{minimal}
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                \begin{document}$$d\to \infty $$\end{document}$ (see Fig. [1b](#Fig1){ref-type="fig"}).Figure 1The Laplacian framework. (**a**) Characteristic features of the DLA fractal (cluster in blue and approximate growing front in red), for $\documentclass[12pt]{minimal}
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                \begin{document}$$d\to \infty $$\end{document}$. (**b**) Semi-log plot of the numerical (*D*~*N*~) and theoretical (*D*~*T*~) estimates for *D*(*d*) (see Table [1](#Tab1){ref-type="table"}), shown as $\documentclass[12pt]{minimal}
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                \begin{document}$${\rm{\Delta }}{D}_{B}$$\end{document}$, respectively. (**c**) Characteristic features of the DBM for $\documentclass[12pt]{minimal}
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In this work, our main goal is to provide a data-consistent analytical description to the fractal dimensions, $\documentclass[12pt]{minimal}
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Results {#Sec2}
=======

In the following, we present the results of using equation ([2](#Equ2){ref-type=""}), along with other theoretical and numerical results, in order to find the general solution to the fractal dimensions $\documentclass[12pt]{minimal}
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Conditions for a general Γ {#Sec3}
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Insight into the general form of the information-function, $\documentclass[12pt]{minimal}
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First, the mean-field result given in equation ([1](#Equ1){ref-type=""}) belongs to a special case of equation ([2](#Equ2){ref-type=""}). This is observed by expanding the exponential of equation ([2](#Equ2){ref-type=""}) up to its first-order term in $\documentclass[12pt]{minimal}
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Numerical approach to DBM: finding a general Γ(*d*, *η*) {#Sec4}
--------------------------------------------------------
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As shown in Fig. [3a](#Fig3){ref-type="fig"}, this analytical expression for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}$$\end{document}$ is in great agreement with the KBW-restrictions, namely, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}\le {{\rm{\Lambda }}}_{K}=d\,\mathrm{log}\,2$$\end{document}$ (Kesten's condition), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}\le {{\rm{\Lambda }}}_{B}=-\,d\,\mathrm{log}\,[(d-2)/(d-1)]$$\end{document}$ (Ball's condition), and the additional lower boundary, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}\ge {{\rm{\Lambda }}}^{-}={{\rm{\Lambda }}}_{W}=-\,d\,\mathrm{log}\,[\mathrm{log}\,{\mu }_{\infty }/\mathrm{log}\,{2}^{d-1}]$$\end{document}$ (Wang's condition), that come from the inequalities summarized below,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{c}D(d\le 3)\ge {D}_{K}=(d+1)/2,\\ D(d\ge 3)\ge {D}_{B}=d-1,\\ D(d\ge 1)\le {D}_{W}=1+\,\mathrm{log}\,{\mu }_{\infty }/\mathrm{log}\,2,\end{array}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mu }_{\infty }$$\end{document}$ is given in equation ([6](#Equ6){ref-type=""}), and the equality, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D={D}_{W}={D}_{B}$$\end{document}$, holds for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\to \infty $$\end{document}$ limit^[@CR34]^ (see Fig. [3a](#Fig3){ref-type="fig"}). Furthermore, the analytical solution provided by equation ([6](#Equ6){ref-type=""}) to the DLA dimensions not only is in great agreement with the KBW-restrictions but provide an accurate description of the data (see Fig. [3b](#Fig3){ref-type="fig"}). The numerical values obtained for *D*(*d*) are shown in Table [1](#Tab1){ref-type="table"}.Figure 3The DLA solution. (**a**) Semi-log plot of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}(d)$$\end{document}$ with its corresponding analytical solution. (**b**) Semi-log plot of *D*(*d*), shown as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Delta }}D=D-(d-1)$$\end{document}$. In both (**a**,**b**) plots, the forbidden regions imposed by Kesten ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Lambda }}}_{K}$$\end{document}$), Ball ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Lambda }}}_{B}$$\end{document}$), and Wang ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Lambda }}}_{W}$$\end{document}$), are indicated accordingly. For the numerical values of *D*(*d*), see Table [1](#Tab1){ref-type="table"}.

Solution to DBM: finding a general *χ*(*d*) {#Sec6}
-------------------------------------------
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                \begin{document}$${\rm{\Lambda }}(d)$$\end{document}$ has been found, here we propose a theoretical approach to determine *χ*(*d*). This approach is based on a particular finding from the study of the rate of information-entropy production of random fractals^[@CR60],[@CR61]^. This finding suggests that DLA can be associated to a critical state that defines the point of maximum information-entropy production along the DBM morphological transition^[@CR62]--[@CR65]^. Then, if this is indeed the case, this could manifest itself in the fractality of the system.
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From equations ([2](#Equ2){ref-type=""}) and ([4](#Equ4){ref-type=""}), this inflection point, $\documentclass[12pt]{minimal}
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Finally, by using the DLA condition, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\eta }_{i}=1$$\end{document}$, and solving for *χ*, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\chi =1/(1-{{\rm{\Gamma }}}_{0})$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Gamma }}}_{0}={\rm{\Lambda }}/d$$\end{document}$. In this way, the values of *χ* depend on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Lambda }}$$\end{document}$, and the information-function is now given by,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Gamma }}(d,\eta )={{\rm{\Gamma }}}_{0}{\eta }^{1/(1-{{\rm{\Gamma }}}_{0})}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\rm{\Gamma }}}_{0}={\rm{\Lambda }}/d$$\end{document}$ is already given by equation ([7](#Equ7){ref-type=""}).

Using this result, we have that in two dimensions, $\documentclass[12pt]{minimal}
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Discussion {#Sec7}
==========

Despite the morphological complexity of the DBM and DLA clusters, equation ([2](#Equ2){ref-type=""}) can be used to describe the fractal dimensions of their mass-distribution, $\documentclass[12pt]{minimal}
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Solution to DLA {#Sec8}
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In this analysis it was considered that the mass-distribution of the DLA cluster is self-similar ($\documentclass[12pt]{minimal}
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Solution to DBM {#Sec9}
---------------
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From Table [2](#Tab2){ref-type="table"}, this theoretical proposal for $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta  > 1$$\end{document}$ in three dimensions (see Fig. [4a,b](#Fig4){ref-type="fig"}). A relevant reason behind this discrepancy could be associated to the small-size clusters used to measure the reported fractal dimensions in Table [2](#Tab2){ref-type="table"} ^[@CR49],[@CR50]^, in which case, finite-size effects and crossovers can be accounted for the slow convergence of the fractal dimensions to their true values^[@CR26],[@CR49]^.

Another important reason behind this discrepancy could be associated to the fact that the functional form of $\documentclass[12pt]{minimal}
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Similarly to the DLA results, in this analysis it was considered that the mass-distribution of the DBM clusters is self-similar^[@CR5],[@CR46]^. Even in the event of weak multifractality, the same arguments that apply to the DLA clusters, apply to the DBM clusters. Even more, weak multifractality should only be expected for $\documentclass[12pt]{minimal}
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Lastly, equation ([2](#Equ2){ref-type=""}) might resemble a functional form of the well-known Turkevich-Scher conjecture^[@CR28],[@CR29]^, $\documentclass[12pt]{minimal}
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Criticality and universality {#Sec10}
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The criticality of the DBM transition is understood in terms of $\documentclass[12pt]{minimal}
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An interesting consequence of the previous results is that the fractal dimensions of the DBM can indeed be conformed to the universal description given by the normalized dimension, $\documentclass[12pt]{minimal}
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Final Remarks {#Sec11}
=============

The main results of this work: the numerical-based analytical result for the DBM dimensions using equation ([4](#Equ4){ref-type=""}) as a fitting-function, the theory-consistent analytical expression for the dimensions of DLA in equation ([6](#Equ6){ref-type=""}), and the theoretical result for the dimensions of the DBM using equation ([10](#Equ10){ref-type=""}); all of these results remain as good data- and theory-consistent approximations to the dimensions of both DLA and DBM as far as we can tell. In particular, a rigorous mathematical derivation of the information-function in equation ([4](#Equ4){ref-type=""}) is beyond the scope of this work. Nevertheless, these results provide one of the most simple analytical descriptions to most of the theoretical and numerical results for the fractal dimensions of the DBM and DLA reported in the literature. In addition, these results reveal an interesting universality regarding the mathematical description of the fractal dimensions of morphological transitions in terms of their information-function. We are confident that the characterization of these models, along with the data-set used in this analysis, will be useful to scientists working in fundamental and applied problems of complex growth phenomena.

Methods {#Sec12}
=======

Construction of Φ(*d*) {#Sec13}
----------------------
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These lattice-*dependent* results are extended to the lattice-*independent* scenario by replacing the discrete lattice potentials, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varphi }_{k}(d)$$\end{document}$, with a continuous effective potential, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{\Phi }}(d)$$\end{document}$, this is, we consider that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\varphi }_{k}(d)\to {\rm{\Phi }}(d)$$\end{document}$ for all *k*. Then, by using the identity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\sum }_{k=0}^{d-1}\,(\begin{array}{c}d-1\\ k\end{array})={2}^{d-1}$$\end{document}$, equation ([5](#Equ5){ref-type=""}) can be rewritten in the forms presented in equation ([6](#Equ6){ref-type=""}), reprinted below,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}D(d) & = & 1+\mathrm{log}\,\mu /\mathrm{log}\,2,\\ \mu (d) & = & 1+2({\mu }_{\infty }-1){\rm{\Phi }},\\ {\mu }_{\infty }(d) & = & {2}^{d-2}+d/2.\end{array}$$\end{document}$$
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As shown in the Supplementary Fig. [1S](#MOESM1){ref-type="media"}, this solutions to Φ not only satisfies its expected asymptotic values but also, the necessary KBW-restrictions. Even more, in the same manner as the KBW bounds ($\documentclass[12pt]{minimal}
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Alternative construction of Φ(*d*) {#Sec14}
----------------------------------

Another method to determine Φ is by finding its approximation as $\documentclass[12pt]{minimal}
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